INTEGRATION-11

1.

Use integration to find

NE! 3 1
i +— dx
6 3x
1
giving your answer in the form o + NG , where a and b are constants to be determined.

S

JU-14-4

2

2
4
Use calculus to find the exact value of J. (3)&32 + 5+ —] dx.
x
1

&)
JU-6-2
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3.

2

2
Use calculus to find the exact value of J [sz +5+ i} dx .

1 X
JU-6-2
4,
f(x) =x* +3x* + 5.
Find
(@) f'(x),
2 (3)
(b) j ) .
4)

JA-7-1
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5.

8
Evaluate J. de, giving your answer in the form a + 5V 2, where ¢ and b arc integers.
1

C)

JU-7-1

Use calculus to find the value of

J.4(2x+3\/x)dx_

1

)

JU-9-1
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7.
y=3"+2x

(a) Complete the table below, giving the values of y to 2 decimal places.

X 0 0.2 0.4 0.6 0.8 1

y 1 1.65 5

@)

(b) Use the trapezium rule, with all the values of y from your table, to find an approximate

1
value for j (3" +2x) dx.
0 )

JU-10-1
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8.

The speed, vm s, of a train at time ¢ seconds is given by
v=12"-1), 0=<r=30.

The following table shows the speed of the train at 5 second intervals.

t 0 5 10 15 20 25 30
v 0 1.22 2.28 6.11

(a) Complete the table, giving the values of v to 2 decimal places.

€))
The distance, s metres, travelled by the train in 30 seconds 1s given by
30
5= J V1.2 -1) dr.
0
() Use the trapezium rule, with all the values from your table, to estimate the value of 's.
&)

JA-6-6
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9.
y= \f(10x—x2)_

(a) Complete the table below, giving the values of y to 2 decimal places.

X 1 1.4 1.8 22 2.6 3

h% 3 3.47 4.39

2)
(b) Usethe trapeziumrule, with all the values of y from yourtable, to find an approximation

for the value of _[13 \f(10x—x2)dx.
)

JA-9-3
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10.

(a) In the space provided, sketch the graph of v = 3%, x € R, showing the coordinates of
the point at which the graph meets the y-axis.

)
(b) Complete the table, giving the values of 3 to 3 decimal places.
x 0 0.2 0.4 0.6 0.8 1
3 1.246 1.552 3
@)

(c) Use the trapezium rule, with all the values from your table, to find an approximation

1

for the value of I 3 dx.

0

C)

JU-6-5
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11.
y=V(5"+2)

(a) Complete the table below, giving the values of y to 3 decimal places.

x 0 0.5 1 1.5 2

¥ 2.646 3.630

@

(b) Use the trapezium rule, with all the values of y from your table, to find an approximation

for the value of Jj V(5" +2) dx .
(4)

JU-8-2
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12.

(a) y=5tlog(x+1), 0<Lx<2

Complete the table below, by giving the value of y when x = 1

X 0 0.5 1 1.5 2

v 1 2.821 12.502 | 26.583

(D

(b) Use the trapezium rule, with all the values of y from the completed table, to find an
approximate value for

j (5* + log(x + 1)) dx

o

giving your answer to 2 decimal places.

4)
(¢) Use your answer to part (b) to find an approximate value for
2
JA (5+ 5%+ log,(x + 1))dx
0
giving your answer to 2 decimal places.
(D

JA-17-3
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13.

(a) Sketch the graph of y = 3%, x € R, showing the coordinates of the point at which the graph
meets the y-axis.

@
(b) Copy and complete the table, giving the values of 3% to 3 decimal places.
X 0 0.2 0.4 0.6 0.8 |
3 1.246 1.552 3
@

(¢) Use the trapezium rule, with all the values from your tables, to find an approximation for the

1
value of J 3% dx.

0

S
JU-6-5
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14.12.

A river, running between parallel banks, is 20 m wide. The depth, v metres, of the river
measured at a point x metres from one bank is given by the formula

yzllox\f(ZO—x), 0 < x < 20.

(a) Complete the table below, giving values of y to 3 decimal places.

X 0 4 8 12 16 20

v 0 2771 0

2)

(b) Use the trapezium rule with all the values in the table to estimate the cross-sectional
area of the river.

“4)

Given that the cross-sectional area 1s constant and that the river is flowing uniformly at

2ms !,

(c) estimate, in m®, the volume of water flowing per minute, giving your answer to
3 significant figures.

2)

JU-5-6

Copyright©MRC® :( 6664/01-C-2)-2017 55258711 rashed.saba@gmail.com



INTEGRATION-11

15.

The curve C has equation

y=xV(x'+1), 0<Lx <2
(a) Complete the table below, giving the values of y to 3 decimal places at x = 1 and
x=15.
X 0 0.5 1 L5 2
¥ 0 0.530 6

2

(b) Use the trapezium rule, with all the y values from vyour table, to find an

approximation for the value of jzx\/ (x3+ l)dx , giving your answer to 3 significant
figures. ’

4
y = NG )
(a) Complete the table below, giving the values of y to 3 decimal places.
x 0 0.25 0.5 0.75 1
v 1 1.251 2
(2)

(b) Use the trapezium rule with all the values of y from your table to find an approximation
1
for the value of j\/(?ax +x) dx
o

You must show clearly how you obtained your answer.

“)

JU-12-7
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16.

5

@D

(a) Complete the table below, giving the missing value of v to 3 decimal places.

X 0 0.5 1 1.5 2 2.5 3
by 5 4 2.5 1 0.690 0.5
ey
v A
5
R
>
0 3 ¥
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: . C . . 5
Figure 1 shows the region R which is bounded by the curve with equation y = —
the x-axis and the lines x =0 and x = 3 (x" +1

2

(b) Use the trapezium rule, with all the values of v from your table, to find an approximate
value for the area of R.

4)
{c) Use your answer to part (b) to find an approximate value for
3
J. 4 + 25 dx
0 (x*+1
giving your answer to 2 decimal places.
2)

JU-13-4
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17.

5
3x” -2
(a) Complete the table below, giving the values of y to 2 decimal places.

¥

x 2 225 25 275 3
¥ 0.5 0.38 0.2
2)
(b) Use the trapezium rule, with all the values of v from your table, to find an
3
approximate value for )
PP _L 33(:2 -2 (4)
YA
A
B
==
0 2 3 A
Figure 2
Figure 2 shows a sketch of part of the curve with equation y = 3 25 % x> 1.
x p—

At the points 4 and B on the curve, x = 2 and x = 3 respectively.

The region S is bounded by the curve, the straight line through B and (2, 0), and the line
through 4 parallel to the y-axis. The region § is shown shaded in Figure 2.

(c) Use your answer to part (b) to find an approximate value for the area of §.

3

JA-11-6
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18.

o

Figure 2 shows the curve C with equation y =x\'f(x3 +1),0 < x < 2, and the straight line

segment /, which joins the origin and the point (2, 6). The finite region R is bounded by C
and /.

{c) Use your answer to part (b) to find an approximation for the area of R, giving your
answer to 3 significant figures.

3)
JU-7-5

Copyright©MRC® :( 6664/01-C-2)-2017 55258711 rashed.saba@gmail.com



INTEGRATION-11

19.

In Figure 2 the curve C has equation y = 6x —x* and the line L has equation y = 2x.

(a) Show that the curve C intersects the x-axis at x = 0 and x = 6.

(1)
(b) Show that the line L intersects the curve C at the points (0, 0) and (4, 8).

3)
The region R, bounded by the curve C and the line 7, 1s shown shaded in Figure 2.
(¢) Use calculus to find the arca of R.

6)
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20.

O/I "x
Figure 2
Figure 2 shows a sketch of part of the curve C with equation
y=x —10x" +kx,
where & is a constant.
The point P on C is the maximum turning point.

Given that the x-coordinate of P 1s 2,

(a) show that k=28.

3
The line through P parallel to the x-axis cuts the y-axis at the point V.
The region R is bounded by C, the y-axis and PN, as shown shaded in Figure 2.
(b) Use calculus to find the exact arca of K.
©)

JU-10-8
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21.
VA
C
>

A O B X

Figure 3 shows a sketch of part of the curve € with equation
y=x(x + 4)x-2)
The curve C crosses the x-axis at the origin O and at the points 4 and 5.
{a) Write down the x-coordinates of the points 4 and B.
)

The finite region, shown shaded in Figure 3, is bounded by the curve € and the x-axis.

{b) Use integration to find the total area of the finite region shown shaded in Figure 3.
0

JU-13-6
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22.

o4

°\

Figure 2

The curve C has equation y = x*> —Sx+ 4. It cuts the x-axis at the points L and M as shown
in Figure 2.

(a) Find the coordinates of the point . and the point M.

2)
(b) Show that the point N (5, 4) lies on C.

(1
(¢) Find j(xz— Sx+4)dx

)
The finite region R 1s bounded by LN, LM and the curve C as shown n Figure 2.
(d) Use your answer to part (c) to find the exact value of the area of R.

&)

JA-10-7
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23.

YA

1—/

v 4

O 1 2

Figure 1
Figure 1 shows a sketch of part of the curve with equation y = N(x*> + 1), x = 0

The finite region R, shown shaded in Figure 1, 1s bounded by the curve, the x-axis and the
lines x = 1 and x = 2

The table below shows corresponding values for x and y for y = \(x* + 1).

x 1 1.25 1.5 1.75 2

y 1.414 1.803 2.016 2.236

(a) Complete the table above, giving the missing value of y to 3 decimal places.
(1)

(b) Use the trapezium rule, with all the values of y in the completed table, to find an
approximate value for the area of R, giving your answer to 2 decimal places.

(4
JU-14-1
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24,
Va
C
I P
R
5
>
O X
Figure 1

Figure 1 shows a sketch of part of the curve C with equation
p=x—6x*+ 9+ 5

The point P(4, 9) lies on C.

(a) Show that the normal to C at the point 7 has equation

x+ 9y =85
(6)
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The region R, shown shaded 1n Figure 1, i1s bounded by the curve C, the y-axis-and the
normal to C at P.

(b) Showing all your working, calculate the exact arca of K.
(7)
JA-14-7
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25.
Figure 3
VA
3 4 m b
2 \
O Ll

Figure 3 shows the shaded region R which is bounded by the curve v = —2x* + 4x and the

: 3 : : : : .
line y = 3 The points 4 and 5 are the points of intersection of the line and the curve.
Find

(a) the x-coordmates of the points 4 and B,
C)
(b) the exact area of R.
(6)
JA-6-9
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26.
y J
C
R
% R
-1 4 x
Figure 1
Figure 1 shows part of the curve C with equation y={(1+x)(4—x) .
The curve intersects the x-axis at x = —1 and x = 4. The region R, shown shaded in
Figure 1, 1s bounded by C and the x-axis.
Use calculus to find the exact area of R.
)
JA-9-2
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27.

Figure 3

y=x —8x% + 20x

Figure 3 shows a sketch of part of the curve with equation y = x* — 8x* + 20x.
The curve has stationary points A and B.

(a) Use calculus to find the x-coordinates of A and 5.
4)

2

(b) Find the value of a{ at 4, and hence verify that 4 is a maximum.

@)

The line through B parallel to the y-axis meets the x-axis at the point N.
The region R, shown shaded in Figure 3, 1s bounded by the curve, the x-axis and the line
from A to N.

(c) Find [ (x’ —8x* + 20x)dx.
3)

JU-6-10
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28.

0 X

8
Figure 1 shows part of the curve C with equation y=2x+——5, x>0,
x

The points P and Q lic on € and have x-coordinates 1 and 4 respectively. The region R,
shaded in Figure 1, is bounded by C and the straight line joining P and Q.

(a) Find the exact area of R.
®)

{(b) Use calculus to show that y is increasing for x > 2.
“4)

JU-5-10
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29.
Va
>
C\O B X
R
A
Figure 2 shows a sketch of part of the curve with equation
p=4x} +9x2-30x -8, -05<x<K22

The curve has a turning point at the point A.

(a) Using calculus, show that the x coordinate of 4 1s 1
3)

The curve crosses the x-axas at the points B(2, 0) and C (—% 0]

The finite region R, shown shaded in Figure 2, is bounded by the curve, the line A5, and
the x-axis.

(b) Use integration to find the arca of the finite region R, giving your answer to 2 decimal
places.

(7
JA-17-10
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30.

The curve C has equation
y=8-2"1 0<x<4

(a) Complete the table below with the value of y corresponding to x = 1

x 0 1 2 3 4
v 7.5 6 4 0
(1)
(b) Use the trapezium rule, with all the values of v in the completed table, to find an
approximate value for j:(S — Z’H) dx
&)

YA

B C

O y %

Figure 1 shows a sketch of the curve C with equation y=8 — 2!, 0 <x < 4
The curve C meets the x-axis at the point 4 and meets the y-axis at the point 5.

The region R, shown shaded in Figure 1, is bounded by the curve C and the straight line
through 4 and B.

(c) Use your answer to part (b) to find an approximate value for the area of R.
@)
JU-16-2
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31.

VA

-

Figure 3

Figure 3 shows a sketch of part of the curve with equation

L

v=3x- X7, x20
The finite region 8, bounded by the x-axis and the curve, is shown shaded in Figure 3.

(a) Find
j (3x - xz)dx .

3

(b) Hence find the area of S.

JU-16-7

Copyright©MRC® :( 6664/01-C-2)-2017 55258711 rashed.saba@gmail.com



INTEGRATION-11

32.

v A y=x3—8x2+20x

\ 4

Figure 3 shows a sketch of part of the curve with equation y = x* — 8x* + 20x. The curve has
stationary points 4 and B.

(a) Use calculus to find the x-coordinates of 4 and B.
C)

2

(5 Find the value of ij; at A, and hence verify that 4 1s a maximum.

@)
The line through B parallel to the y-axis meets the x-axis at the point N. The region R, shown
shaded in Figure 3, is bounded by the curve, the x-axis and the line from A to N.

(¢) Find J()c3 —8x" +20x) dx.

3
(d) Hence calculate the exact area of K.
)
JU-6-10
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33.
(a) Find
lex(x% ~ 2)dx

giving each term 1n its simplest form.

4
Ya

O 4 9

Figure 2 shows a sketch of part of the curve C with equation
v =10x(x? = 2), xz0
The curve C starts at the origin and crosses the x-axis at the point (4, 0).

The area, shown shaded in Figure 2, consists of two finite regions and is bounded by the
curve C, the x-axis and the line x =9

(b) Use your answer from part (a) to find the total area of the shaded regions.
()

JU-15-6
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34.

VA

=Y

Figure 1 shows a sketch of part of the curve C with equation
y=x(x—1)(x—5).

Use calculus to find the total area of the finite region, shown shaded in Figure 1, that is
between x =0 and x =2 and is bounded by C, the x-axis and the line x = 2.

®

1A-7-7
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35.

=

>
O \
Figure 2 shows a sketch of part of the curve with equation y =10 +8x +x* —x” .

The curve has a maximum turning point 4.

(a) Using calculus, show that the x-coordinate of 4 15 2.

)

The region R, shown shaded in Figure 2, is bounded by the curve, the y-axis and the line
from O to A, where O 1s the origin.

(b) Using calculus, find the exact area of R.
(8)
JU-8-8
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36.

(a) Complete the table below, giving values of (2% +1) to 3 decimal places.

x 0 0.5 1 1.5 2 2.5 3
N2+ | 1414 | 1554 | 1732 | 1.957 3
@)
y 4
1
1
I
:
— I
R |
1
1
: >
O 3 X

Figure 1 shows the region R which is bounded by the curve with equation y = v (2* + 1), the
x-axis and the lines x = 0 and x = 3

(b) Use the trapezium rule, with all the values from your table, to find an approximation
for the area of R.

C))

(c) Byreferencetothe curve in Figure 1 state, giving a reason, whether your approximation
in part (b) is an overestimate or an underestimate for the area of R.

@
JU-9-4
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37.
Y
4 x=1
' >
I
O 4 x
Figure 1
Figure 1 shows the graph of the curve with equation
_16_x
=272 +1, x>0

The finite region R, bounded by the lines x =1, the x-axis and the curve, is shown shaded

in Figure 1. The curve crosses the x-axis at the point (4, 0).

(a) Complete the table with the values of y corresponding to x=2 and 2.5

x 1 1.5 2 2.5 3 35 4
v 16.5 7.361 1.278 0.556 0

2

{b) Use the trapezium rule with all the values in the completed table to find an approximate

value for the area of R, giving vour answer to 2 decimal places.

)

(c) Use mtegration to find the exact value for the area of K.
)

JA-12-6
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38.

¥

0 (1.0), \(4,0) x

The finite region R, as shown in Figure 2, is bounded by the x-axis and the curve with

equation

y=27—2x—9\/x—¥, x>0
x

The curve crosses the x-axis at the points (1, 0) and (4, 0).

(a) Complete the table below, by giving your values of y to 3 decimal places.

X 1 1.5 2 25 3 35 4

¥ 0 5.866 5210 1.856 0

(2)
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(b) Use the trapezium rule with all the values in the completed table to find an approximate
value for the area of R, giving your answer to 2 decimal places.

(4

(c) Use integration to find the exact value for the area of R.

(6)

JA-13-9
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39.

VA

ol | \ x

Figure 2 shows the line with equation y = 10 — x and the curve with equation
y=10x —x* -8

The line and the curve intersect at the points 4 and B, and O is the origin.

(a) Calculate the coordinates of 4 and the coordinates of 5.
®)

The shaded area R 1s bounded by the line and the curve, as shown in Figure 2.

(b) Calculate the exact area of R.
Q)

ju-12-5
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40.

A

=¥

AXO B
R

Figure 1

Figure 1 shows a sketch of part of the curve C with equation
y={x+1)(x-5)
The curve crosses the x-axis at the points 4 and 5.

{a) Write down the x-coordinates of 4 and 5.
1)

The finite region R, shown shaded in Figure 1, is bounded by € and the x-axis.
{b) Use integration to find the area of R.

(©)

JA-11-4
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41.

Y yp=—x"+2x+24

v=x+4

&V

O

Figure 3

The straight line with equation y = x+4 cuts the curve with equation y = —x* +2x+24 at
the points 4 and B, as shown in Figure 3.

(a) Use algebra to find the coordinates of the points 4 and 5.
)

The finite region R is bounded by the straight line and the curve and is shown shaded in
Figure 3.

(b) Use calculus to find the exact area of R.
(7

JU-11-9
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